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1. INTRODUCTION 
The following model for the multiplication of neutrons in a one-dimen- 
sional rod has been studied by Bellman, Kalaba, and Wing [l, 2, 31 in order 
to clarify the concepts of criticality and critical size. It is assumed that 
neutrons travel with constant direction between collisions, the probability 
of a neutron making a collision in any small interval SS of path-length being 
has + o(6s). As a result of a collision the “parent” neutron is replaced by 
two neutrons which leave the point of collision in opposite directions and 
continue to move and multiply in the same manner as the parent neutron. 
Bellman, Kalaba, and Wing use the principle of invariant imbedding (in 
which the process is considered as a function of the length of the rod) to 
determine the expected number of transmitted and reflected neutrons gener- 
ated over all time by a single neutron incident at one end of the rod; they 
also consider the case of a particle which originates in the interior of the rod. 
In this way they are able to define a “critical length” for the rod as the 
smallest length for which the expected number of reflected neutrons becomes 
infinite. This is found to be n/U. They also derive equations for the proba- 
bilities 
p,(t) = Prob [a single neutron incident on a rod of length t eventually 
gives rise to a total of n reflected neutrons] (l-1) 
and for the corresponding generating function, 
u(t, z) = f p,(t) zn, (1.2) 
?I=0 
* Work performed in part under the auspices of the U.S. Atomic Energy Commis- 
sion. 
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and make the following conjectures regarding the behavior of the probabili- 
ties p,(t): 
(4 Pm(t) < Pn-dth n = 1,2, -3.; t > 0, 
(b) p,(t) is unimodal and has a maximum at t = yn , where 
(1.3) 
and 
lim yfl = g = critical length. (1.4) ?l+m 
In this paper we shall consider a modified model for neutron multiplica- 
tion in which a random number, Y, of neutron pairs emerges from each 
collision (V neutrons moving in each direction) in addition to the parent 
neutron which continues to move with its original direction of motion. 
Explicit solutions are derived for the probabilities p,,(t) and it is shown in 
particular that there is a certain rod-length, t, , such that 
f p,(t) < 1 if t > t, . 
?L=O 
This length, t, , is also the smallest length for which the mean number of 
reflected particles becomes infinite; i.e., it is the “critical length” defined 
above. However the property that Aesop, < 1 for lengths greater than t, 
clearly implies that the mean number of reflected particles is infinite, while 
the converse is not true. After a detailed analysis of the modified model, we 
shall return to the model of Bellman, Kalaba, and Wing and show that it 
also exhibits the property of criticality in this stronger sense. 
In the particular case when the random variable v is equal to 1 with 
probability 1, i.e., exactly two additional particles are produced at each 
collision, the conjectures (1.3) and (1.4) of Bellman, Kalaba, and Wing are 
established. 
Finally a process is examined in which a random number of particles 
emerges from each collision, each particle moving to the left or right with 
probability $ independently of the others. A particular case of this model in 
which exactly two particles emerge from a collision has been studied by 
Harris [4]. 
The functions C,“=,p,(t) for the models of Harris [4] and Bellman, 
Kalaba, and Wing [l] have been investigated previously by T. W. Mullikin 
and R. N. Snow [9] using arguments of a different kind. In particular they 
derived for the latter model the function illustrated in Fig. 1, Section 5. 
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2. THE DISTRIBUTION OF THE NUMBER OF EMERGENT PARTICLES 
Consider a particle which originates at a point x in the rod - a < x < a. 
Its initial direction of motion will be denoted by a scalar t.~ (p = 1 for motion 
to the right and - 1 for motion to the left). It moves in the manner described 
in the introduction; i.e., the probability of a collision in a small element of 
path-length 6s is Us + o(Ss) and at each collision it gives rise to v new particles 
(in addition to itself) moving in the same direction and Y new particles moving 
in the opposite direction; v is a random variable taking the values 1, 2, .**, 
with associated probabilities vi, ~a, a**, respectively. Without loss of gener- 
ality we shall assume throughout that the collision rate h is equal to 1. 
We introduce the probabilities P&L, x) that a single particle originating at x 
with direction TV ultimately gives rise to a total of 71 particles emerging from 
the right-hand end of the rod. The corresponding generating function is 
defined by 
Consideration of the point at which the first collision occurs gives the 
following integral equation for G(,.L, x): 
G(p, X) = ,zA,p e(rz-Q) + P 1:" G(P, Y) 5 sG(p, y)” G( - p, y)” e@(“-v) dy. 
fl=l (2.2) 
A derivation of this integral equation, for the more general case in which 
at each collision there are probabilities qii that the parent particle produces i 
particles moving in the same direction and j in the opposite direction, is 
given by Moyal [5]. Differentiating equation (2.2) with respect to x we find 
the backward Kolmogorov equation 
; GbL, -4 = P% 4 [ 1 - .+(p, x)” G( - /A, xy] (2.3) 
with boundary conditions 
G(/A, /uz) = 9~. (2.4) 
From Eq. (2.3) it follows that G(1, x) G( - 1, x) is independent of x, i.e., 
G(1, x) G(- 1, x) = K(z), (2.5) 
where K is a function of z with the properties 
IQ4 < 1, lzl<l, 
IWI <I, /zI <l. (2.6) 
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Substituting K(z) for G(l, X) G( - I, X) in Eq. (2.3) and using the boundary 
conditions (2.4) we find that 
G(r, 4 = A~ exp [(P - 4 (1 - n$l TJ+)“)] , 
where K(z) is a root of the equation 
B=aexp[-22a(l -in,&)], 
(2.7) 
(2.8) 
having the properties (2.6). 
By Lagrange’s Theorem (Whittaker and Watson [6]), if / x 1 < 1 Eq. (2.8) 
has only one root 0 such that 1 0 ) < 1. From conditions (2.6) this must 
therefore be the required root K(z) appearing in Eq. (2.7). Making use of 
Lagrange’s expansion an explicit solution will now be derived for G(p, x). 
We introduce functionsf(s) and v(O), in which z, .X and a are regarded as 
fixed, defined by the following equations: 
f(e) = d++ exp [(PX - a) (1 - f 7+?)] , 
n-1 
(2.9) 
y(e) = exp [ - 2~ (1 - f vJ%)] . 
n=l 
(2.10) 
For 1 z 1 < 1 the generating function G(p, x) is obtained from f(e) upon 
replacing 8 by the root K(z) of (2.8) in th e interior of the unit circle. Hence by 
Lagrange’s expansion 
G(p, x) =f(O) + fl $ I-$& [p(8)" $fte)] !,=, . (2.11) 
From Eq. (2.11) it can be shown directly that the coefficient of z” in G( 1, x), 
i.e., P,(l, x), is given by 
Pl( 1, x) = exp [X - a] 
Pn(l, 4 = 5 exp [X - 2na + u] nf (n - j - 1) ~~-l)~+j-r , n 2 2, 
j-0 
(2.12) 
where 
(n) Yi = -jl (2na +my - xm> c -nip&x *** =i, , i> 1, (2.13) 
i,+...+i,=j 
the inner summation being over all sets of positive integers (ir , ia , **a, i,) such 
that ir + ia + *a. + i, = j. 
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The probabilities P,( - 1, X) can be found immediately from (2.12) by 
using the relation 
Pn(- 1,x) = P,,l(L - 4, n = 0, 1, 2, **a, (2.14) 
which is a direct consequence of Eq. (2.7). 
The reflection probabilities p,(t) defined by (1.1) are obtained from 
P,( - 1, X) on setting a = x = t/2. Thus 
P,(t) = J?/ exp [- (n + 1) t] 
X 
[ 
n-1 
mm + 2 (n -j) mnm_j i [(n ‘,:’ tl” C 
j=l m=1 it+...+&+ 
7il *** CT<.] , n > 2, 
A(t) = exp [- tl, pi(t) = tnl exp [- 2t]. 
In the particular case when v = I with probability 1, i.e., if 
“n = Ll> n = 1, 2, *.., 
then p,(t) takes the very simple form, 
(2.15) 
(2.16) 
p%(t) =(n + I),-l 
n! tn exp [- (n + 1) t], n = 0, 1,2, *** . (2.17) 
The maximum with respect to t of this function occurs when t = n/n + 1 
and it will be shown in Section 3 that the critical length for this particular 
model is t, = 1. This establishes conjecture (1.4) for this model. The proof 
of conjecture (1.3) follows trivially from equation (2.17). 
3. CRITICALITYINTHEMODELOFSECTION 2 
The results of Section 2 may be summarized as follows: for 1 z 1 < 1 the 
generating functions G(p, X) are defined by 
G(p, x) = zsw exp [(p - u) (1 - f n,K(z~)] , 
n-1 
(3.1) 
where K(z) is the unique root of the equation 
0 = zexp [-2a (1 -$I~J?.)l, (3.2) 
409/16/1-12 
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in the interior of the unit circle, j 0 1 = 1. We shall now examine the limiting 
behavior of G(p, X) as z tends to 1 and show that 
iii G(p, x) < 1 if 2a>+, x # pa, 
lii G(p, x) = 1 otherwise, (3.4) 
where V = CrC’=, nrr, is the mean number of additional particle pairs emitted 
per collision. Thus there is a certain “critical” length of rod, t, = l/C, beyond 
which there is a nonzero probability, 1 - lim,,, G(p, x), that a single initial 
particle at x with direction (* will eventually produce an infinite number of 
descendants. The critical length is usually derived (see Bellman, Kalaba, 
and Wing [l ,2, 31) by considering the equation for the mean number of 
particles produced (derived on the assumption that lim,,, G(p, x) = 1) and 
taking as the critical length that length for which the solution first becomes 
infinite. As we shall see, this procedure leads to the same value, l/C, of t, . 
The fact that the mean number of particles produced by a single ancestor 
is infinite for rod-lengths greater than t, is clearly implied by (3.3) but not 
conversely. 
To prove (3.3) and (3.4) we first observe that if x = pa then G&, x) = Z%P 
so that lim,,, G(p, X) = 1 for all values of a. It will be assumed in what 
follows that this trivial case is excluded, i.e., x # pa. 
Now if 2a > l/C, then by Lagrange’s Theorem, Eq. (3.2) has a unique 
root 0 = #(z) such that 1 I/(Z) 1 < 1 for ) z / < 1. By the uniqueness of 
K(x) and G(Z) we must have 
Ye) = wd for all z such that IZI <I. (3.5) 
Hence lim,, K(Z) = lim,,, #(x) so that 
(3.6) 
By using this last result, it follows from Eq. (3.1) that 
lis G(p, x) < 1 if 2a>+. 
This completes the proof of (3.3). 
To prove (3.4) we observe from (2.5) that K(1) must be real and less than 
or equal to 1; K(1) must also satisfy the equation 
K(1) = exp [-2a (1 - ~~~%IK(~)~)] . (3.7) 
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However if 2a < I/; the only real root of this equation which is less than or 
equal to 1 is K(1) = 1. Substituting in Eq. (3.1) gives 
lii G(p, x) = 1 if 24 
thus completing the proof of the result (3.4). 
Now let us consider the behavior of the mean number, M(p, x), of particles 
ultimately emerging from the right-hand end of the rod conditional upon 
a single initial particle at x with direction of motion CL, and conditional upon 
the total number of particles emerging from the right-hand end of the rod 
being finite. In terms of the generating function G(p, x) we have 
Hence 
where y = lim,,, K(z). Setting y = 1 in (3.9) we get 
(3.8) 
(3.9) 
(3.10) 
which is the solution of the equation for the mean, 
$ w/4 4 = - AW- P> 4 + w/4 41, (3.11) 
with boundary conditions 
WV, w) = h,, . (3.12) 
The reason for the discrepancy between (3.9) and (3.10) is that Eq. (3.11) 
is obtained by differentiating (2.3) with respect to x and setting z = 1 and 
G(p, x) = 1. It therefore ceases to be valid in the supercritical case when 
lim,,, G(p, x) < 1; this is indicated by the fact that when 2a > l/C, M(p, x) 
as given by (3.10) becomes negative (for further discussion see also Moyal[5]). 
In the model of Bellman, Kalaba, and Wing only two particles emerge 
from each collision (one moving in each direction) and the equation corre- 
sponding to (3.11) for the mean number of emergent particles (based on the 
assumption that lim,,, G(p, x) = 1) is 
(3.13) 
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with the boundary conditions 
J%h WI = h,, * 
The solution of Eqs. (3.13) and (3.14) can be written 
(3.14) 
M(p, x) = s*+ “OS,: z’a x) + s,,, sinct z’a x) . (3.15) 
Bellman, Kalaba, and Wing took the critical length for their model to be the 
smallest rod-length for which this solution becomes infinite. Thus from (3.15) 
we find that the critical length, t, , is equal to 7~12. Applying the same argu- 
ment to the model considered previously, we find from (3.10) that the 
critical length is t, = l/F. Thus we arrive at the same value as was previously 
derived by considering the behavior of lim,,, G(p, x). 
4. CRITICALITY IN THE MODEL OF BELLMAN, KALABA, AND WING 
It has been shown that for the model of Section 2 there is a critical length 
t, = l/F such that 
liz G(p, x) < 1 if 2a > t, , 
Iii G&, x) = 1 otherwise. 
x f w (4.1) 
(4.2) 
The same kind of behavior will now be established for the model of Bellman, 
Kalaba, and Wing in which, at each collision, the incident particle is lost 
and two new particles emerge (one in each direction) from the point of colli- 
sion. 
Instead of considering, as in Section 2, the probability I’,&, x) that a 
single particle originating at x (- a < x < a) with direction p ultimately 
generates n particles emerging from the right-hand end of the rod, it is more 
convenient now to consider the probability Q&, x) that the total number 
of particles ultimately emerging from the rod is n. The corresponding gener- 
ating function is defined by 
Clearly 
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so that it will be sufficient to prove (4.1) and (4.2) with G replaced by H. 
In fact we shall prove the following: 
lip H(p, x) < 1 if 2a>G, x # w 
liz H(p, x) = 1 otherwise. (4.4) 
The critical length t, is thus r/2 as already found by Bellman, Kalaba, and 
Wing from their study of the mean number of particles produced by a single 
ancestor (see Section 3). 
Proceeding as in Section 2 we find that the equations for the generating 
functions H(p[x) are 
$ H(P, 4 = @(CL> 4 Ii1 - H(- TV, 41, 
H(P, ~4 = z. (4.6) 
Introducing new functions U(X, z) and w(x, z) defined by 
4x, 4 = $ W, x) + H(- 1, x)] , (4.7) 
0(x, z) = ij [H(l, x) - H(- 1, x)] , (4.8) 
we find from (4.5) that 
(4.10) 
Inspection of Eq. (4.5) shows that 
log H(l, x) - H(l, x) + log H(- 1, x) - H(- 1, x) = x(z), (4.11) 
where X(Z) is independent of x. 
Suppose that H( 1,0) = U(Z). Then by symmetry H( - 1,0) is also equal 
to (Y(Z). Since a particle which starts at x = a moving to the right can have no 
collisions, we must have H(l, a) = z. We denote by /3(z) the corresponding 
function H(- 1, a). For real positive z less than or equal to 1, Eq. (4.5) 
shows that 
P(z) < H(- 1,x) < a(z) < H(1, x) < z for all x > 0. (4.12) 
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Thus in order to prove (4.3), it will be sufficient (by using (4.5) and (4.12)) to 
show that 
li+y c(X) < 1 for 2a>;. (4.13) 
To prove (4.4) it will be sufficient (by using (4.5) and (4.12)) to show that 
lii “(2) = 1 for 2a+ (4.14) 
Substituting the values of H(l, x) and H( - 1, x) at x = 0 and x = a in 
equation (4.11) we find that 
2[log a(2) - a(x)] = log [#l(x)] - p(2) - x = x(x). (4.15) 
Rewriting Eq. (4.11) in terms of U(X, x) and V(X, z) and using the relation 
between a(z) and x(z) gives 
U2 _ q.j2 = 012e-2k--u) 
, (4.16) 
and hence from (4.9) 
$ = du2 - ,3-2&U), (4.17) 
the positive value of the square root being appropriate if x is real, positive 
and less than or equal to 1, and if x > 0. 
Integrating Eq. (4.17) between the limits x = 0 and x = a leads to the 
relationship 
(4.18) 
where 
We shall now use Eq. (4.18) to deduce the limiting behavior of a(a) as x 
tends to 1. 
Suppose that z is real and positive and z < 1 so that a(z) and p(z) are both 
real and positive and a: < I, /3 < 1. Define y(x) to be unique real root of the 
equation 
ye-‘l+y, = 012e-2e’ 
such that y < 1 for z ,( 1. It then follows from the relations 
p~e-(z+B) = (f-2a and PC4 G x 
that 2 + &z) < 1 + Y@). 
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We wish to show that lim,,, a(z) < 1 if 2a > 7r/2 and that lim,,, c@) = 1 
if 2a < 7r/2. Suppose first that lim,,, a(z) = 1. Then from Eq. (4.18) 
I 
ttr+fJ(z)l 
a=lim 
2+1 a(z) $52 _da;2,2i,3 
= lim 
s 
l--s/d/z 
4 
B-+0 l-s 2/y2 - (1 --a)2 $(U-l+S) 
Thus if lim,,, a(z) = 1 then a < 7r/4, i.e., if 2a > rr/2 then lim,,, a(z) < 1. 
Conversely if lim,,, U(Z) = LX(~) < 1 then 
i 
tIl+B(l)l 
a= 
a(l) 
$g _ @,z2 e2[v-Giirl > 5 
and hence lirn,,, U(Z) = 1 if 2a < n/2. This completes the proof of the 
properties (4.1) and (4.2) for the model of Bellman, Kalaba, and Wing. 
5. A ~VIODEL WHICH INCLUDES SCATTERING AND ABSORPTION 
Finally we consider a model which is a generalization of a model previously 
considered by Harris [4]. We suppose that as a result of each collision Y 
particles are emitted where v is a random variable taking the values 0, 1,2, ***, 
with probabilities n,, , r1'1, 7r2) -** . Each particle emerging after a collision 
moves to the right or left with probability 4 independently of the other 
particles. We observe that v,, is the probability that the colliding particle 
is absorbed, n1 is the probability that it is scattered and C,“=, rr,, is the prob- 
ability that multiplication occurs. It is also of interest to notice that the 
process can be considered as the projection on the x-axis of the corresponding 
process in the three-dimensional slab {x : - a < x < a} when scattering 
is isotropic and the projected distances between collisions are assumed to be 
independently distributed with a negative exponential distribution. Such 
an approximation has been used by Fermi [7] and improved by Brockwell[8] 
in the case where there is no multiplication of particles. 
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Defining the generating functions H(p, x), u(x, z) and V(X, z) exactly as 
in Section 4, we find that they satisfy the equations 
I-” g w% “4 = WCL, ‘4 - mzo 2-“7dfb 4 + w- P2 a, 
WP, Pa) = 27 
or, in terms of u and v, 
2 4x2 z) = v(x, z), 
$ v(x, z) = u(x, z) - f w(x, +, 
71=0 
with boundary conditions 
u(4 z) + $4 z) = 2, 
v(0, z) = 0. 
(5.1) 
(5.2) 
(5.3) 
(5.4) 
(5.5) 
(5.6) 
We shall suppose throughout that the distribution defined by the proba- 
bilities nn has a mean, m = C,“p, nap > 1, and that z is real, positive and less 
than or equal to 1. If we consider a particle which starts at a point x and 
moves and multiplies on the real line (- co, co) in the manner described, 
then a well-known result in the theory of branching processes gives the 
probability that it ultimately produces only a finite number of descendants 
as the unique real root, p, in [0, 1) of the equation 
(5.7) 
For the process in the finite rod [-a, a] it follows that u(x, 1) > P, 
--a < x < a. Thus there exists ~(0 < E Q 1) such that p < ~(0, z) < 1 
provided 1 - B < z < 1. Noting that 
Y-go 7rmyn > 0 if P<Y<l, (5-g) 
it can easily be shown from (5.3) and (5.4) that for all x in (0, a] 
v(x, z) > 0 provided 1 - E < z < 1. (5.9) 
We shall assume in all that follows that z belongs to the interval (1 - E, 1). 
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Then, writing ~(0, z) = T(X) and ~(a, z) = p(z), it follows from (5.3) and 
(5.4) that 
w(x, z) = 24(x, z)” - ‘(2)” - 2 5 
I 
n=O * [u(x, z)n+1 - T(zy+f2, (5.10) 
U(Z,Z) 
x= 
I I 7(21) Y2 - ‘(4” - 2 2 nzo*[Yn+l - .M~+7~-1’2 dy, 
(5.11) 
the positive value of the square root being appropriate for x 2 0. The 
unknown functions T(z) and p(z) are uniquely determined (in the range 
1 - E < z < 1) by the boundary conditions (5.5) and (5.6) which can be 
written 
2 = p(Z) + tp(Z)’ - T(Z)” - 2n$0A [p(Z)“” - T(Zy+1]/1’2, (5.12) 
Q= [J’“+’ - T(Z)s+1])-1’2 d)‘. (5.13) 
Equations (5.12) and (5.13) correspond to the equations (4.18) which were 
derived in Section 4 for the model of Bellman, Kalaba, and Wing. Notice 
that if rr,, = 0 then Eqs. (5.10)-(5.13) are valid for all real z in 0 < z < 1. 
The arguments of Section 4 can be applied to Eqs. (5.12) and (5.13) to 
deduce the limiting behavior of T(z) and H(p, x) as z tends to 1. Proceeding in 
this way (recalling that m > 1) it is found that 
$i+y H(p, x) < 1 
hi H(p, x) = 1 
if 2a > dm2M 1 arc sin rne112, -- x # pa, (5.14) 
otherwise. (5.15) 
(If m Q 1 then lim,,, H(I*, x) = 1 for all values of a.) 
Furthermore we can use Eqs. (5.12) and (5.13) to determine lim,,, H(p, x) 
numerically for rods of any length. Assuming a value of ~(1) (such that 
p < ~(1) < l), the corresponding value of p(l) is determined by (5.12) and 
the corresponding rodlength 2a is then found from (5.13) by numerical 
integration. Knowing the value of ~(1) corresponding to a given rod-length, 
we can then use (5.10) and (5.11) to determine U(X, l), w(x, 1) and hence 
lim z+l H(p, x) for a rod of this length. We observe in particular that as the 
rod-length, 2~2, tends to infinity, T(1) tends to p and p(l) tends to the unique 
root p (such that p < p < 1) of the equation 
1 = p + 
I 
ps - p2 - 2 nzO --& [pa+1 - p”+l]}li2. (5.16) 
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Figure 1 shows the graph of lim,,, H( - 1, a) determined as described 
above for the particular case in which exactly two particles are emitted at each 
collision. This is the model considered by Harris [4]. The corresponding 
function for the model of Section 4 is also shown. This was derived by 
applying exactly the same technique to Eqs. (4.16), (4.17), and (4.18). 
100 
limZ+,H(-l,a) 
0.75 
0.50 
0.25 
I 
0 0.5 1.0 1.5 2.0 2.5 
a 
FIG. 1. The probability that a single particle incident at one end of a rod of 
length 2a produces a finite number of emergent particles. The upper curve, which 
is asymptotic to the value 0.11575, refers to the model of Harris; the lower curve, 
which is asymptotic to zero, refers to the model of Bellman, Kalaba, and Wing. 
Let us denote by 1 - S the value of ~(1) for a rod whose length, 2~2, is -~ 
slightly greater than the critical length, 2/l/m - 1 arcsin m-1/2. If the distri- 
bution defined by the probabilities v,, possesses a second moment 
s = CZp=, n2rn , we can use Eq. (5.12) to derive the asymptotic expression 
P(l) = 1 + k,S + kg2 + o(S2), 
where 
k,=-dl-mm-l and k, = 6 1;;-, [l - (1 - m-1)3/2], 
and hence, from (5.13), 
‘=dm’- 1 
arcsin m-l12 + S (’ - m) (3m - ‘) + o(S) 
63G--73- . 
(5.17) 
This generalizes a result which was obtained by Harris [4] for the particular 
case in which exactly two particles are emitted at each collision. 
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